The most popular bounded-degree derivative network of the hypercube is the butterfly network. The Benes network consists of back-to-back butterflies. There exist a number of topological representations that are used to describe butterfly-like architectures. We identify a new topological representation of butterfly and Benes networks.
The minimum metric dimension (MMD) problem is NP-hard [1, 2] for general graphs and it has several applications in robotics and image processing [2] . This NP-hard problem has not been studied for butterfly and Benes networks. The butterfly and Benes networks form a subclass of bipartite graphs. In this paper we show that the MMD problem remains NP-hard for bipartite graphs and it is polynomially solvable for butterfly and Benes networks. Since Benes networks are back-to-back butterflies, we concentrate only on Benes network. The corresponding results for butterfly networks will be mentioned as corollaries.
Proposed Diamond representations of butterfly and Benes networks
In this section, we discuss about representations of butterfly and Benes networks. The proposed representations of butterfly and Benes are shown in Figs. 1(b) and 3. To avoid confusion between the two representations in Fig. 1 , the representation in Fig. 1 (a) will be called a normal representation of butterfly and the representation in Fig. 1 
Lemma 1. [3,6] The Benes and butterfly networks are bipartite.
Even though the Benes network consists of back-to-back butterflies, there is a subtle structural difference between Benes and butterfly. The removal of level 0 nodes of BF(r) leaves two disjoint copies of BF(r − 1). In the same way, the removal of level r nodes of BF(r) leaves two disjoint copies of BF(r − 1). This recursive structure can be viewed in another way. The removal of level 0 nodes and level r nodes (nodes of degree 2) of BF(r) leaves 4 disjoint copies of a BF(r − 2). However the removal of level 0 nodes and level 2r nodes (nodes of degree 2) of B(r) leaves 2 disjoint copies of a B(r − 1). In other words, the butterfly has dual symmetry, which the Benes does not have. See Figs. 1(b) and 3. 
Minimum metric dimension problem
A metric basis for a graph G(V , E) is a set W ⊆ V such that for each pair of vertices u and v of V \ W , there is a vertex w ∈ W such that d(u, w) = d (v, w) . A minimum metric basis is a metric basis of minimum cardinality. The members of a minimum metric basis are called landmarks and the cardinality of a minimum metric basis is called minimum metric dimension. The minimum metric dimension (MMD) problem is to find a minimum metric basis. The minimum metric dimension problem is NP-hard for general graphs [1, 2] . This problem is also called navigation problem due to its application of robot navigation in space [2] . Khuller et al. [2] describe the application of this problem in the field of computer science. This problem has been studied for trees, multi-dimensional grids [2] , and Petersen graphs [5] . Surprisingly, there is not much relevant work in the literature. The algorithmic complexity status of MMD problem is not known to even simple graphs such as co-graphs, interval graphs, Cayley graphs etc.
To our knowledge, the MMD problem has not been investigated for butterfly and Benes networks. In this paper, we solve this problem for Benes and butterfly networks. It is the first result of this kind. Using the diamond representation of Benes, we identify a minimum metric basis of Benes networks B(r) and we prove that the minimum metric dimension of B(r) is 3(2 r−1 ). Benes and butterfly networks are bipartite graphs. In this paper, the complexity status of the MMD problem is narrowed down to the fact that the MMD problem is NP-hard for bipartite graphs and it is polynomially solvable for Benes and butterfly networks, which are subclasses of bipartite graphs.
MMD problem is polynomially solvable for Benes and butterfly
The following observation is important for the construction of a minimum metric basis of Benes networks. [ 
Lemma 4. Let B(r) denote an r-dimensional Benes network. Then
(i) Any metric basis W of B(r) has either [0u 2 . . . u k , 0] or [1u 2 . . . u k , 0]. (ii) Any metric basis W of B(r) has either [0u 2 . . . u k , 2r] or [1u 2 . . . u k , 2r]. (iii) Any metric basis W of B(r) has either the node [u 1 u 2 . . . u k−1 0, r] or [u 1 u 2 . . . u k−1 1, r]. Proof. (i) The nodes [0u 2 . . . u k , 0], [0u 2 . . . u k , 1], [1u 2 . . . u k , 0],v 1 v 2 . . . v v +1 v +2 . . . v r , j], [v 1 v 2 . . . v v +1 v +2 . . . v r , j − 1], . . . [v 1 v 2 . . . v v +1 v +2 . . . v r , ], [v 1 v 2 . . . v u +1 v +2 . . . v r , + 1], ... [v 1 v 2 . . . v u +1 u +2 . . . u r , j], [v 1 v 2 . . . v u +1 u +2 . . . u r , j + 1] . . . [v 1 v 2 . . . v u +1 u +2 . . . u r , r].
NP-hardness of the MMD problem for bipartite graphs
The minimum metric dimension problem is NP-hard for general graphs [1, 2] . We now show that the problem of finding the minimum metric dimension of an arbitrary bipartite graph is NP-hard. The basic idea of this proof is due to S. Khuller, B. Ragavachari, and A. Rosenfeld. We give a sketch of the construction here. The reader will find the proof in [4] .
The problem is clearly in NP. We give the NP-hardness proof by a reduction from 3-SAT. Consider an arbitrary input to 3-SAT, a formula F with n variables and m clauses. Let the variables be x 1 , x 2 . . . x n and the clauses be C 1 , C 2 . . . C m . Without loss of generality, we assume that for every i, 1 i n, there exists j , 1 j m such that C j contains either x i or x i . In other words, we assume that every literal x i is in some clause C j . Now onwards x l , 1 l n is called a positive literal and x l is called a negative literal. For each variable x i we construct a variable gadget as shown in Fig. 6(a) . The nodes T i and F i are the "true" and "false" ends of the gadget. The gadget is attached to the rest of the graph only through these nodes.
Suppose C j = y i 1 ∨ y i 2 ∨ y i 3 , where y i k = x i k or x i k , 1 k 3, is a literal in clause C j . For each such clause C j we construct a clause gadget as shown in Fig. 6(b) . We now show the connections between the clause and variable gadgets. If a variable x i occurs as a positive literal in clause C j , we add the edges (T i , c 1 j ), (F i , c 1 j ) and (F i , c 3 j ). If it occurs in C j as a negative literal, we add the same edges, except we replace (F i , c 3 j ) by (T i , c 3 j ). We call these truth-testing edges. Fig. 7 shows the truth testing edges added to the clause
Thus the graph G that is constructed from the formula F with n variables and m clauses has 10n + 4m nodes. The edges of G are variable gadget edges, clause gadget edges, and truth testing edges. It is clear that given F , G can be easily constructed in polynomial time. Since there is no odd cycle, G is a bipartite graph.
Lemma 11. G is a bipartite graph.
We shall now prove that F is satisfiable if and only if the metric dimension of G is exactly 3n + m. Lemmas 15 and 16 together complete the reduction from 3-SAT to the metric dimension problem for bipartite graphs. This completes the proof of the following theorem.
Theorem 17. The MMD problem is NP-hard for bipartite graphs.
Conclusion
Even though this paper focuses on Benes networks, all the results are applicable to butterfly too. We solve the MMD problem for Benes and butterfly networks. We also show that the MMD problem is NP-hard for bipartite graphs. The Benes and butterfly networks are bipartite. Thus we narrow down the gap between the polynomial classes and NP-hard classes of the MMD problem.
Though wrapped butterfly is a butterfly-like architecture, it is not straightforward to extend these results to wrapped butterfly. The MMD problem remains open for other fixed interconnection networks such as hypercube, shuffle exchange, star, pancake, De Bruijn and torus architectures. The NP-hard problems such as achromatic number problem and minimum crossing number problem [1] are open for Benes and butterfly networks. It is interesting to see whether these problems can be solved using this representation.
Appendix A
Figs. 8 and 9 show the Normal and Diamond representations of Benes B(4), respectively. (4) . The nodes in red colour form a minimum metric basis (for interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).
